Abstract
Introduction
Metal and natural materials were commonly used by human since epochs. by the time, the need to produce special products for special condition led to the need to develop special materials, where rose what is called today composite materials, these materials have significant advantages over ordinary materials, they considerably increased the performance of the structure (beam, plate, tube, etc...), these multi layered products are a combination of two or more materials with different properties to withstand specific conditions but unfortunately the effect of some severe conditions such as heat and pressure onto materials with different physical properties induce to a high level of stress concentrations at the interfaces between the altered layers. Research for developing new materials with more specific properties has not stopped, in the late of the 80s a group of scientists succeeded to discover a way to gather particles of a structure according to a special method leading to a very specific product with a very specific properties that vary continuously as a known function of the spatial position, they called them Functionally Graded Materials FGM, as their name describe, they are materials usually associated with particulate composite where the volume fraction of particles varies in one or several directions.
The initial development of FGMs is designed to serve as a thermal barrier [1] . Typically, these materials are made from a mixture of metal and ceramic, or a combination of materials. Where the ceramic component provides high temperature resistance due to its low thermal conductivity.
Recently, researches on understanding the dynamic behavior of structural elements with FGMs is increasing and FGMs have known a large expansion in almost all domains of the industry and are used in very different applications of engineering such as in automotive, aerospace, defense industries, and more recently in, electronics, nuclear reactors and biomedical.
In order to properly understand and control the material properties it is very important to analyze and study the effect of free vibrations on mechanical systems, the knowledge of fundamental frequencies allows us to avoid resonances by controlling the frequencies of the affecting forces [2] .
Many theory are applied to study and describe beams behavior, Euler-Bernoulli beam or classical Beam theory (CBT) is one of the first well-known theory, in this theory the transverse shear deformation is neglected because it assume that the median planes are perpendicular and straight to the section of the beam after bending. But this theory is applied only for thin beams and does not provide specific solutions for thick beams. One other famous beam theory is that Timoshenko beams or first-order shear deformation theory (FSDBT), in which straight lines perpendicular to the median plane before bending does not remain perpendicular to the median plane after bending, the stress distribution of transverse shear relative to the coordinates of thickness is assumed to be constant. Thus, a shear correction factor is required to compensate this assumption. However, this theory provides satisfactory results and is very effective to study the behavior of beams. Several higher order shear deformation theories have been developed in the last years considering warping sections and satisfying the zero transverse shear stress state of the upper and lower fibers of the cross section without a shear correction factor. The well-known higher-order beam theories are Parabolic Shear Deformation Beam Theory (PSDBT) [3] , Trigonometric Shear Deformation Beam Theory (TSDBT) [4] , Hyperbolic Shear Deformation Beam Theory (HSDBT) [5] , Exponential Shear Deformation Beam Theory (ESDBT) [6] , and A New Shear Deformation Beam Theory (ASDBT) [7] .
Many researchers are interested on the basis of molecular dynamics and continuum mechanics. The nonlocal theory of Eringen [8] [9] [10] [11] , which is one of continuum mechanics load size models, is widely used. Wang et al. [12] concerned with the use of the Timoshenko beam model for free vibration analysis of multi-walled carbon nanotubes by using differential quadrature method. Reddy [13] applies the Nonlocal theories for bending, buckling and vibration of Euler-Bernoulli, Timoshenko, Reddy and Levinson beams theories. Lu et al. [14] studied nonlocal beam models of wave properties of single and double walled carbon nanotubes. Reddy and Pang [15] reformulated theories of Euler-Bernoulli and Timoshenko for the analysis of carbon nanotubes using differential relationship Eringen nonlocal model. Aydogdu [16] proposed a generalized nonlocal beam theory to study bending, buckling, and free vibration of nanobeams based on Eringen model. Pradhan and Murmu [17] developed a single nonlocal beam model to investigate the bending and vibration characteristics of a nanocantilever beam. Ansari et al. [18] derived the governing partial differential equation for a uniform rotating beam incorporating the nonlocal scale effects. Thai and Vo [19] applied a sinusoidal theory of non-local shear deformation. Eltaher et al. [20] studied the free vibration nanobeams using the finite element method. O. Rahmani et al. [21] examined the size effect on vibration of functionally graded nanobeams based on nonlocal Timoshenko beam theory.
Direct resolution of complex equation system is difficult. A typical approach is to seek a solution by approximating the displacement field from several functions that satisfy the boundary conditions. This is called the Ritz method. Algebraic polynomials functions have been employed on the basis of different beam theories. It is interesting to note that this technique has not been used by researchers to study the vibration problems of FG nanobeams.
The objective of this work is to present an analytical model of the fundamental frequency of functionally graded (FG) nanobeams using Ritz method subjected to different sets of boundary conditions. The vibration analysis is according to all beams theories, CBT, FSDBT, PSDBT, HSDBT, TSDBT, ESDBT and ASDBT, while including rotator inertia. The material properties of FG nanobeams are assumed to vary through the thickness according to the power-law exponent form. Based on the nonlocal constitutive relations of Eringen, the system of equations of motion are derived using virtual work's principle. The frequencies equations are obtained by the weak forms of the governing differential equations where the displacement components of the nanobeam cross-sections are expressed in a series of simple algebraic polynomials. The numerical results, such as fundamental frequencies, are illustrated in graphical and tabular form. The analysis is validated by comparing the obtained results with the available results from the existing literature. In this study, the effects of material distribution, nonlocal parameter, beam theories, slenderness ratios, and boundary conditions on the fundamental frequency are discussed.
Functionally graded materials
A straight FG nanobeam of length L, width b and thickness h, with Cartesian coordinate system (O, x, y, z) having the origin at O is considered, as shown in Fig. 1 . We suppose that the effective material properties FG nanobeam i.e., Young's modulus (E), Poisson's ratio (υ) and mass density (ρ), vary along the thickness direction (in the z direction) according to a function of the volume fractions of the constituents.
Based on to the rule of mixture, the effective material properties (P) can be expressed as:
Where: P U , P L , V U and V L are the corresponding material properties and the volume fractions of the upper and the lower surfaces of the nanobeam related by:
In this study the effective material properties of the FG nanobeam are defined by the power-law form introduced by Wakashima et al. [22] . The volume fraction of the upper constituent is assumed to be given by:
k is the power-law exponent (0 ≤ k ≤ ∞) which determines the material variation profile through the thickness of the namobeam as shown in the following Fig. 2 . Using Eqs. (1), (2) and (3), the effective material properties of the FG nanobeam can be given as:
Nonlocal beam theory
According to the nonlocal elasticity theory, the stress at a given point depends on the strains of the whole continuum [8] . This assumption may be written as:
Where σ is the stress tensor, C is the Hookean elasticity tensor, and ε is the strain tensor. The symbols ∇ 2 are the Laplacian operator and double dot tensor product. The nonlocal parameter μ = (e 0 a) 2 is a scale factor that depends on the material and geometric features. The coefficient e 0 is estimated such that the non local elasticity matches the atomistic lattice models, and a is the so called internal characteristic lengths [8] and [23] . Thus, the general nonlocal constitutive relation for nanobeams takes the following form:
The reduced elastic constants are defined as follows:
where is the elasticity modulus, υ is the Poisson's ratio, σ xx is the axial normal stress, σ xz is the shear stress, ε xx is the axial strain and y xz is the shear strain. If the nonlocal parameter is zero, we obtain the constitutive relations of the classical beam theories.
Mathematical modeling
Based on the general shear deformation theory, the axial displacement u, and the transverse displacement of any point of the beam w are given as:
Where u 0 and w 0 represent the axial and the transverse displacement of any point on the neutral axis respectively, while φ 0 is an unknown function that represents the effect of transverse shear strain on the neutral axis. f (z) is the shape function which characterizes the transverse shear and stress distribution along the thickness of the beam. Different beam theories can be obtained by choosing as follows:
The strain-displacement relations of the general beam theories are given by:
(5)
The governing equations will be obtained by applying virtual work principle:
Where N C , M C , M sd and Q are the stress resultants defined as:
The resultants denoted with a superscript 'c' are the conventional ones of the classical beam theories, where as the remaining ones with superscript 'sd' are additional quantities incorporating the shear deformation effects. By substituting the stress-strain relations into the definitions of the force and the moment resultants of the present theory, the following constitutive equations are obtained: ( )
The work of the external forces when the effect of rotary inertia is taken into consideration is written as follows: 
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Using principle of virtual work, following governing equations of the beam are obtained as: Where u j , w k and φ p are the unknown constant coefficients to be determined. ω is the natural frequency of the FG nanobeam and φ j , ψ k and Φ p are the admissible functions, which must satisfy the essential boundary conditions and can be represented as:
Where n is the number of polynomials involved in the admissible functions and p 0 , q 0 as per the six boundary conditions as stated in Table 1 . 
Using principle of virtual work, following governing equations of the nanobeam are obtained as: These weak forms are a generalized eigenvalue problem and that written as the following form: 
Numerical results and discussion
The fundamental frequencies of FG nanobeams subjected to different sets of boundary conditions , Clamped-Clamped (C-C), Clamped-Simply (C-S), Simply-Simply (S-S), and Clamped-Free (C-F) are presented with varying nonlocal parameter (μ), material distribution (k), beam theories, slenderness ratio (L/h) and boundary conditions.
The shear correction factor is considered as ks = 5/6 for FSDBT. Fundamental frequencies are non-dimensionalized according to the following relation:
Where: I = bh 3 / 12 is the moment of inertia of the cross section of the nanobeam.
In this study the FG nanobeams are made of a ceramic and metal mixture whose the properties varies through the thickness according to power-law. The upper side of the nanobeam (z = + h/2) is pure ceramic (Alumina), while the lower side of the nanobeam (z = − h/2) is pure metal (Aluminum). The material properties which used in the present study are given in Table 2 and the thickness (h) of FG nanobeam is 1 nm. In Table 3 and Fig. 3 , the convergence studies for first fundamental frequency of C-C FG nanobeam are performed with various number of polynomials (n) using different beam theories with k = 1 and μ = 3 for L/h = 10. It is seen that in the Ritz method, the increased number (n) in the displacement functions plays a major role in the convergence of the frequencies. The numerical accuracy of fundamental frequency is satisfactory when the number of terms in the displacement functions is set to 16. 
The non-dimensional fundamental frequency of S-S FG nanobeam is calculated and compared with those of Uymaz [24] and Thai [25] based on different order beams theories (CBT, FSDBT, PSDBT and ASDBT) for the nonlocal parameters (μ = 0, 2, 4) with k = 0. The side of FG nanobeam L is assumed to be 10 nm and Poisson's ratio (υ) is taken as 0.3. Comparisons are presented in Table 4 without considering the role of Poisson's ratio in the expression of reduced stiffness coefficient (Q 11 ). Good agreement has been observed for all values of comparisons. In Tables 5-8 , the effect of change of power exponent (k) and nonlocal parameter (μ) on non-dimensional fundamental frequency for different boundary conditions is reported with L/h = 10 using different order beam theories (CBT, FSDBT and PSDBT). These tables indicate that the maximum fundamental frequency values are obtained for C-C support conditions. Furthermore, the lowest frequency values are obtained for C-F support conditions.
The fundamental frequency decreases with increasing the power exponent (k). The lowest fundamental frequency values are given by a nanobeam pure metal (k → ∞) and the highest values are given by a nanobeam pure ceramic (k = 0).
The fundamental frequency increases with the non local parameter (μ) decreasing for boundary conditions C-C, C-S and S-S, as shown in Table 5 and 7; except for C-F, the fundamental frequency is slightly proportional to non local parameter (μ), as confirmed in Table 8 . Table 6 Variation of non-dimensional fundamental frequency (ϖ 1 ) of Clamped-Simply FG nanobeam for L/h = 10 It is also seen that the fundamental frequency calculated by the classical theory of beams (CBT) is relatively greater than those calculated by the first and high order shear deformation beam theory, whereas two latter theories (FSDBT and PSDBT) gives substantially the same frequencies when the power exponent (k) take very low or very large values (k1 or k → ∞).
Figures 4-7 illustrate the variation of the fundamental frequency according to the material distribution (k) for different non local parameter values (μ) under different boundary conditions with a constant slenderness ratio L/h = 10. It can be observed that, the fundamental frequency decreases rapidly where the power exponent (k) is in range from 0 to 2, the decrease is medium for k in range from 2 to 5 and it is low for k superior to 5 at a constant non-local parameter (μ).
The influence of power exponent (k) on the variation ratio of fundamental frequency is important for C-C compared to the boundary conditions C-S, S-S and C-F. For example, at μ = 5 as the power exponent (k) change from 0 to 10, the variation ratio of fundamental frequency reduced by 41.98 % for C-C, 40.56 % for C-S, 37.06 % for C-F and 34.32 % for S-S.
The effect of the nonlocality parameter is more significant when μ increase from 0 to 3 than that nonlocality parameter (μ) in interval between 3 and 5. For example, for S-S at k = 10, the fundamental frequency decrease with 77.11 % where μ varies from 0 to 3 and 22.89 % where μ varies from 3 to 5. Tables 9-12 show the variation of the non-dimensional fundamental frequency of FG nanobeams with different sets of edge supports (C-C, C-F, S-S and C-S) while varying the non local parameter (μ) and the slenderness ratio (L/h). This variation is a function of all beams theories CBT, FSDBT, PSDBT, HSDBT, TSDBT, ESDBT and ASDBT at power exponent k = 1. It's noted that the non-dimensional fundamental frequency increase when the value of slenderness ratio (L/h) is increased for the three conditions of support C-C, C-S and S-S (Tables 9-11) . Furthermore, the increase in fundamental frequency is important when the non local parameter (μ) takes superior values. For example, the difference between the fundamental frequency of C-S FG nanobeam with L/h = 5 and L/h = 20 by TSDBT is 11.48 % for μ= 0, 50.07% for μ = 2 and 89.47 % for μ = 5.
The increase in the slenderness ratio (L/h) has different behaviors on the natural frequency of C-F nanobeam, as observed in Table 12 . It may be noted that the fundamental frequency is decreased slightly due to the increase in L/h ratio when the nonlocal parameter (μ) is superior to 2 for different beams theories exceptionally for CBT the increase is started by μ = 1.
The effect of slenderness ratio (L/h) on the fundamental frequency is very important in the C-C nanobeam case relative to other boundary conditions. For instance, the variation of the fundamental frequency FG nanobeam with L/h varying from 5 to 20 by ESDBT and μ = 3 is 78.75 % for C-C, 64.84 % for C-S, 50.58 % for S-S and 01.97 % for C-F.
The difference between the fundamental frequency of CBT and shear deformation theories is considerable when the slenderness ratio (L/h) decreased. The fundamental frequency of the higher-order theories is a little greater than those of FSDBT for any nonlocal parameter (μ) and become almost equal when the slenderness ratio (L/h) increases. In the case C-F nanobeam the fundamental frequency converge to a single value, (see Table 12 ). Figure 8 describes the manner of variation of the fundamental frequency for ESDBT according to nonlocal parameters (μ) under different boundary conditions with k = 1 and L/h = 5. It is noteworthy that, the effect of nonlocal parameters (μ) on the fundamental frequency is significant for C-C support compared to the other boundary conditions. As μ from 0 to 5, the fundamental frequency decreased by 46.69 % for C-C, 45.03 % for C-S, 42.08 % for S-S and increased by 09.36 % for C-F. 6 Conclusion This paper has presented a free vibration analysis of FG nanobeams under different boundary conditions using various shear deformation beam theories. Based on the nonlocal differential constitutive relation of Eringen, the Ritz method is employed to solve the governing equations. The effects of material distribution, nonlocal parameter, beam theories, slenderness ratios and boundary conditions on the fundamental frequency are examined in detail. The major conclusions of this investigation is,
• In the Ritz method, the increased number (n) in the displacement functions plays a crucial role in the convergence of frequency; • Increasing the value of the power low exponent (k) generates a decrease of the flexural rigidity.
• The influence of the power exponent, non local parameter, transverse shear deformation and slenderness ratio on the fundamental frequency value is important for FG nanobeams that present the highest stiffness; • For short FG nanobeams, the difference between the fundamental frequency of classical beam theory and those of the first and higher-order shear deformation beam theories is considerable; • The fundamental frequency obtained using the first order and higher-order beam theories are almost identical for the long FG nanobeams.
